In this second part of the paper, we consider finite difference Lagrangians which are invariant under linear and projective actions of SL(2), and the linear equi-affine action which preserves area in the plane. We first find the generating invariants, and then use the results of the first part of the paper to write the Euler-Lagrange difference equations and Noether's difference conservation laws for any invariant Lagrangian, in terms of the invariants and a difference moving frame. We then give the details of the final integration step, assuming the Euler Lagrange equations have been solved for the invariants. This last step relies on understanding the Adjoint action of the Lie group on its Lie algebra. Effectively, for all three actions, we show that solutions to the Euler-Lagrange equations, in terms of the original dependent variables, share a common structure for the whole set of Lagrangians invariant under each given group action, once the invariants are known as functions on the lattice.
Introduction
This is a continuation of Moving Frames and Noether's Finite Difference Conservation Laws I Mansfield, Rojo-Echeburúa, Hydon & Peng (2018) where we consider Lie group actions of the special linear group SL(2) and SL(2) ⋉ R 2 . The Lie group SL(2) is the set of 2 × 2 real (or complex) matrices with determinant equal to unity. Its typical element is written as g = a b c d , ad − bc = 1.
(1) Its Lie algebra, the set of 2 × 2 real (or complex) matrices with zero trace, is denoted sl(2). Part I of this paper Mansfield, Rojo-Echeburúa, Hydon & Peng (2018) developed all the necessary theory and considered simpler solvable groups; here we show some additional techniques needed for semi-simple groups. Smooth variational problems with an SL(2) and SL(2) ⋉ R 2 symmetry were considered using moving frame techniques in Gonçalves & Mansfield (2012) , Gonçalves & Mansfield (2016) and Mansfield (2010) . Here we show the finite difference analogue for these variational problems.
2 The linear action of SL(2) in the plane
We consider the action of SL(2) on the prolongation space P (0,0) n (R 2 ), which has coordinates (x 0 , y 0 ). This action is given by
The Adjoint action
For our calculations we need the adjoint representation of SL(2) relative to this group action. The infinitesimal vector fields are v a = x∂ x − y∂ y , v b = y∂ x , v c = x∂ y .
We have that the induced action on these are
(3)
2.2 The discrete frame, the generating invariants and their syzygies
Taking the normalisation equations x 0 = 1, x 1 = y 0 = 0 and solving for a, b and c, we define the moving frame
where we have set τ = x 0 y 1 − x 1 y 0 . Then ρ k = S k ρ 0 gives the discrete moving frame (ρ k ).
The generating discrete invariants
The Maurer-Cartan matrix is
where we have set κ = x 0 y 2 − x 2 y 0 x 1 y 2 − x 2 y 1 . Note that τ = I(y 1 ) and κ = I(y 2 ) S(I(y 1 )) are invariant, by the equivariance of the frame.
By the general theory of discrete moving frames, the algebra of invariants is generated by τ , κ and their shifts.
The generating differential invariants
We now consider x j = x j (t), y j = y j (t) and we define some first order differential invariants by setting
where x ′ j = d dt x j (t) and y ′ j = d dt y j (t). We set the notation ω x := I x 0,0;t (t) and ω y := I y 0,0;t (t).
Lemma 2.1. For all k, j, both I x k,j;t (t) and I y k,j;t (t) may be written in terms of ω x , ω y , κ, τ and their shifts.
Proof. First note that I x j,j;t (t) = S j ω x , I y j,j;t (t) = S j ω y . We have next for each k > j that
similar calculations hold for for k < j and for I y k,j;t (t).
For our calculations, we need to know I x 0,2;t (t), I x 0,1;t (t) and I y 0,1;t (t) explicitly. We have
while a similar calculation yields, setting τ j = S j τ and κ j = S j κ,
We now define
From
we may calculate the differential-difference syzygy. Equating components in (10) and simplifying we obtain
so that d dt
The Euler-Lagrange equations and conservation laws
We are now in a position to obtain the Euler-Lagrange equations and conservation laws for a Lagrangian of the form
Using (5.2) on Mansfield, Rojo-Echeburúa, Hydon & Peng (2018) , we have that the Euler-Lagrange system is 0 = H * (E κ (L) E τ (L)) T which is written explicitly as
To obtain the conservation laws we need only the boundary terms arising from
where this defines C x 0 , C y 0 and C y 1 . To find the conservation laws from A H , we first calculate the invariantized form of the matrix of infinitesimals restricted to the variables x 0 and y 0 Φ 0 (I) = a b c x 0 1 0 0 y 0 0 0 1 and then the replacement required by (7.1) in Mansfield, Rojo-Echeburúa, Hydon & Peng (2018) is given by S k ω x → 1 0 0 S k Ad(ρ 0 ) and S k ω y → 0 0 1 S k Ad(ρ 0 ).
Since SAd(ρ 0 ) = Ad (K 0 ) Ad(ρ 0 ), after collecting terms and simplifying we obtain the Noether's Conservation Laws in the form
where C x 0 , C y 0 and C y 1 are defined in Equation (14), the vector k = (k 1 , k 2 , k 3 ) is a vector of constants and where this equation defines v(I) = (v 1 0 , v 2 0 , v 3 0 ) T . We note that once the Euler-Lagrange equations have been solved for the sequences (κ k ) and (τ k ), then v(I) is known, so that (15) can be considered as an algebraic equation for ρ 0 . This will be the focus of the next section.
Recall that from (S−id)(v(I)Ad(ρ 0 )) = 0 we obtain the discrete Euler-Lagrange equations in the form Sv(I)Ad(ρ 1 ρ −1 0 ) = v(I) which yields the equations
The general solution
If we can solve for the discrete frame (ρ k ) we then have from the general theory that
Theorem 2.2. Given a solution (κ k ), (τ k ) to the Euler-Lagrange equations, so that the vector of invariants S k v(I) = (v 1 k , v 2 k , v 3 k ) T appearing in the conservation laws are known and satisfy v 2 k = 0 for all k, (15), and that with the three constants k = (k 1 , k 2 , k 3 ) T satisfying k 3 (k 2 1 + 4k 2 k 3 ) = 0 are given, then the general solution to the Euler-Lagrange equations, in terms of (x k , y k ) is
where here, c 0 and d 0 are two further arbitrary constants of integration,
and where
Proof. If we set
and write (15) in the form kAd
Computing a Gröebner basis associated to these equations, together with the equa-
We note that (21a) is a first integral of the Euler-Lagrange equations, (21b) is a conic equation for (c 0 , d 0 ) while (21c) and (21d) are linear for (a 0 , b 0 ) in terms of (c 0 , d 0 ). We have
Back-substituting for a 0 and b 0 from (21c) and (21d) yields, assuming v 2 0 = 0
Now, setting (22) can be written as
Diagonalising X 0 we obtain Λ 0 diagonal such that
Since Q is a constant matrix, it is now simple to solve the recurrence relation. From (23), supposing k 3 k 2 1 + 4k 2 k 3 = 0 so Q −1 exists, we obtain
where here, c 0 is the initial data. Finally from the normalisation equations
and the result follows as required.
Remark 2.3. The proof of the Theorem makes no use of Equation (21b). Here we note that it is consistent with the second component of (16). We have that (21b) can be written as
Substituting (25) into (22) yields after simplification the equation
3 The SA(2) = SL(2) ⋉ R 2 linear action
We write the general element of the equi-affine group, SA(2) = SL(2) ⋉ R 2 , as (g, α, β) where g ∈ SL(2) as in Equation (1), and α, β ∈ R. We then consider the equi-affine group action on P (0,0) n (R 2 ) with coordinates (x 0 , y 0 ) given by
The standard representation of this group is given by
The Adjoint action
The infinitesimals vector fields are of the form
We have that the induced action on these vector fields is
Remark 3.1. We note that (26) can be written as
where Id 2 and Id 3 are the 2 × 2 and 3 × 3 identity matrices respectively.
The discrete frame, the generating invariants and their syzygies
We define a moving frame ρ 0 given by the normalisation equations
where * is to be left free. Solving for the group parameters a, b, c, d, α and β we obtain the following standard matrix representation of the moving frame
We define the discrete moving frame to be (ρ k ) where
The Maurer-Cartan matrix in the standard representation is
where κ = ρ 0 · y 2 is given above, and
where we have used the Replacement rule, (??) in Mansfield, Rojo-Echeburúa, Hydon & Peng (2018) , and where κ k = S k κ. By the general theory of discrete moving frames the algebra of invariants is generated by τ , κ and their shifts. We note that one could take ρ 0 · y 3 and κ to be the generators, but the resulting formulae in the sequel are no simpler. We obtain
where we have set ω x := I x 0,0;t (t) and ω y := I y 0,0;t (t). To obtain ρ 0 · x ′ j = I x 0,j;t (t), ρ 0 · y ′ j = I y 0,j;t (t), j = 1, 2 in terms of ω x , ω y , τ , κ and their shifts, we have, since the translation part of the group plays no role in the action on the derivatives, 
Finally from d dt K 0 = (SN 0 )K 0 − K 0 N 0 and the relations above, we have the differential-difference syzygy d dt
where H is a difference operator depending only on the generating difference invariants τ , κ and their shifts, and which has the form
The Euler-Lagrange equations and the conservation laws.
We consider a Lagrangian of the form L(τ, . . . , τ J 1 , κ, . . . , κ J 2 ). Then by (5.2) in Mansfield, Rojo-Echeburúa, Hydon & Peng (2018) we have that the Euler-Lagrange
where the H ij are given in Equation (31).
Then the boundary terms contributing to the conservation laws are
where this defines the C x j , C y j . To obtain the conservation laws we need the invariantized form of the matrix of infinitesimals restricted to the variables x 0 and y 0 Φ 0 (I) = a b c α β x 0 0 0 0 1 0 y 0 0 0 0 0 1 and then the replacements required to obtain the conservation laws from A H are S k ω x → 0 0 0 1 0 S k Ad(ρ 0 ), S k ω y → 0 0 0 0 1 S k Ad(ρ 0 ).
Hence, the conservation laws are given by (S − id)A = 0 where
where this defines the vector of invariants, v(I) = (v 1 0 , v 2 0 , v 3 0 , v 4 0 , v 5 0 ) T and where the C x j , C y j are defined in Equation (33) . We can thus write the conservation laws in the form
where k = (k 1 , k 2 , k 3 , k 4 , k 5 ) is a vector of constants. We will show in the next section that a first integral of the Euler-Lagrange equations is given by
The general solution
We now show how to obtain the solution to the Euler-Lagrange equations in terms of the original variables, given the vector of invariants and the constants in the conservation laws, (35).
Theorem 3.2. Suppose a solution (τ k ), (κ k ) to the Euler-Lagrange equations (32), is given, so that the vector of invariants (S k v(I)) appearing in the conservation laws (34) is known, and that v 4 v 5 = 0. Suppose further that a vector of constants k = (k 1 , k 2 , k 3 , k 4 , k 5 ) satisfying k 4 k 5 = 0 is given. Then the general solution to the Euler-Lagrange equations, in terms of (x k , y k ) is given by
where, setting µ := k 1 k 4 k 5 + k 2 k 2 5 − k 3 k 2 4 ,
where in this last equation, c 0 is the initial datum, or constant of integration.
Proof. If we can solve for the discrete frame (ρ k )
then we have by the normalisation equations, that Equation (37) holds. We consider (35) as five equations for {a 0 , b 0 , c 0 , d 0 , α 0 , β 0 }, which when written out in detail are
Computing a Gröbner basis associated to these equations with the lexicographic ordering k 2 < k 1 < a 0 < b 0 < d 0 < β 0 < α 0 , we obtain the first integral noted in Equation (36), and the expressions for a 0 , b 0 , d 0 , α 0 and β 0 in terms of c 0 given in Equations (38), provided v 4 0 , v 5 0 , k 4 and k 5 are all non zero. We have ρ 1 = K 0 ρ 0 so that we have a recurrence equation for (c k ), specifically,
where we have back substituted for a 0 from (38). This is linear and can be easily solved to obtain the expression for c k given in Equation (39). Substituting this into the shifts of (38) yields (a k ), (b k ), (d k ), (α k ) and (β k ) and substituting these into (37) yields the desired result.
4 The SL(2) projective action
In this example, we show some techniques for calculating the recurrence relations when the action is nonlinear. We detail the calculations for a class of onedimensional SL(2) Lagrangians, which are invariant under the projective action of SL(2). This is defined by
The Adjoint action
The infinitesimal vector fields are
which matches with (3) as expected.
The discrete frame, the generating invariants and their syzygies
We choose the normalisation equations
which we can solve, together with ad − bc − 1 for a, b, c and d to find the frame
and we take ρ k = S k ρ 0 .
The generating discrete invariants
The famous, historical invariant for this action, given four points, is the cross ratio,
By the Replacement Rule, we have that
The Maurer-Cartan matrix is then,
By the general theory of moving frames, the discrete invariants are generated by κ and its shifts. We now show how the recurrence relations may be obtained for this non-linear action.
The generating differential invariants
We now consider x j = x j (t) where t is an invariant parameter. The induced action on these is given by
and hence we have for
where c 0 and d 0 are given in Equation (42). In terms of the ω x j , it is straightforward to show
We now obtain the recurrence relations for the ω x j . First observe that since ρ k ·x ′ j is an invariant, we have for all k and j that
Now the frames ρ k are equivariant, and so ρ k = ρ k g −1 .
Hence
In particular, we have
since ρ 0 · x 1 = 0 and ρ 0 · x ′ 1 = ω x 1 . Next,
noting that by the normalisation equations, ρ 0 ·x 1 = 0 and ρ 0 ·x 2 = −1/2. Similarly, one can prove that
We are now ready to calculate the differential difference syzygy. Calculating
equating components and using the syzygies (45), (45) and (47), we obtain
48) where this defines the linear difference operator H. where H is given in Equation (48). Set H = αS 3 + βS 2 + γS + δ where this defines α, β, γ and δ, specifically,
The Euler-Lagrange equations and the conservation laws
Then the Euler-Lagrange equation is
To obtain the conservation law, we need the matrix of infinitesimals, which is
Recall the relation
where for any suitable arguments F and G,
Hence by (7.1) in Mansfield, Rojo-Echeburúa, Hydon & Peng (2018) , the conservation law is k = S −1 (γE κ (L)) + S −2 (βE κ (L)) + S −1 (αE κ (L)) Φ 0 (I)Ad(ρ 0 ) + S −3 (βE κ (L)) + S −2 (αE κ (L)) Φ 0 (I) (SAd(ρ 0 ))
Using SAd(ρ 0 ) =Ad(ρ 1 ) = Ad(K 0 )Ad(ρ 0 ), S 2 Ad(ρ 0 ) =Ad(S(K 0 ))Ad(K 0 )Ad(ρ 0 ) and collecting terms, we arrive at the conservation laws in the form
where this defines the vector v(I) = (v 1 0 , v 2 0 , v 3 0 ) T .
The general solution
If we can solve for the discrete frame (ρ k ) then we have
since ρ k · x k = 1 2 is the normalisation equation. The Adjoint representation of the Lie group G is, in this case, precisely that of the linear action discussed in §2, and so we may make use of the simplification of the algebraic equations for the group parameters stemming from the conservation laws, k = v(I)Ad(ρ 0 ), that we described there. However, the Maurer-Cartan matrix is different, and so the recurrence relations needed to complete the solution, differ. Nevertheless, we again find that the remaining recurrence relations are diagonalisable, and are therefore easily solved.
We again have equations (21a)-(21d), where now the v i 0 are those of equation (52); we rewrite these here for convenience,
The recurrence relation is ρ 1 = K 0 ρ 0 or
leading to the equations
Using these to eliminate a 0 and b 0 from (54c) and (54d), leads to the linear system,
where Q is a constant matrix and Λ 0 is diagonal. Indeed, setting µ = k 2 1 + 4k 2 k 3 we have
Further, Λ 0 = diag(λ 1 0 , λ 2 0 ) where
We have then that
where in this last, c 0 and d 0 are the initial data and λ l k = S k λ l 0 . Substituting these into the k th shifts of (54c) and (54d), specifically,
yields the expressions for a k and b k needed to obtain, finally, x k given in (53).
Conclusions
In these two papers we have introduced difference moving frames and applications to variational problems. We have also shown how to use these frames to solve Lie group invariant difference recurrence relations. We have considered relatively simple Lie group actions and some SL(2) actions. Open problems include the efficient use of difference frames for numerical approximations which preserve symmetry.
